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1 Introduction

Universes, or types of types, are a key feature of dependent type theory. From a programming
perspective, quantifying over a universe enables a form of polymorphism: for instance, one can
define a polymorphic identity function with the type (A : ) — A — A, or a uniform list type
former with the type U — U, thus avoiding the need to duplicate these constructions for every
type. In addition, they make it possible to define families of types by case analysis on terms, as in
the following definition of the family of finite n-element types by recursion on the type of natural
numbers:

Fin:N—-U

Fin 0 =1

Fin(1+n)=T+Finn

This is a form of large elimination, which makes it possible to express non-uniform dependency
of types on terms, sometimes called full-spectrum dependent types [McKinna 2006; Angiuli and
Gratzer 2025]. Large elimination also increases the strength of dependent type theory: using the
family Fin defined above, one can prove that 0 # 1; by contrast, it is consistent with a plain version
of Martin-Lof type theory without universes that all terms are equal [Smith 1988]. Furthermore,
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from the perspective of the formalisation of mathematics, universes make it possible to talk about
the type of e.g. groups, allowing mathematical structures to be manipulated as first-class objects.

This work is concerned with the metatheoretical properties of universes with first-class universe
levels, a particular incarnation of the notion of universe in dependent type theory implemented in
the Agda proof assistant [The Agda Team 2025].

Universe hierarchies. Since a universe is a type of types, one might expect a universe to be an
element of itself. However, Girard [1972] showed that Russell’s paradox in naive set theory carries
over to type theory: the assumption of a type U of all types, such that U : U, is inconsistent [Co-
quand 1986]. This has led to stratified theories with a hierarchy of universes U, : U1, where the
universe level ¢ usually ranges over ordinal numbers less than a given ordinal. See for instance
Coquand [2019] for a recent presentation of proofs of canonicity and normalisation for dependent
type theory with a hierarchy of universes indexed by the natural numbers (the ordinal ).

Universe polymorphism. While universes enable definitions quantifying over types, universe
hierarchies introduce a further need for universe-polymorphic definitions in order to avoid du-
plication across universe levels. For example, a universe-polymorphic identity function could be
given the type V¢.(A : U;) — A — A, which quantifies over a universe level £ and a type in the
corresponding universe; this can then be instantiated as the identity function for any type A : U,
as well as the identity function for U itself, Uy — Uy, etc.

By allowing level quantification only in top-level definitions, one obtains prenex, or rank-1,
universe polymorphism. An implicit form of rank-1 universe polymorphism known as typical
ambiguity is described by Huet [1988] and Harper and Pollack [1991]; this approach involves
inferring a consistent assignment of universe levels as part of an elaboration phase. A system with
explicit universe polymorphism, based on work by Sozeau and Tabareau [2014], is implemented in
the proof assistant Rocq’ [The Rocq Development Team 2025].

First-class levels. In Agda, finite universe levels are represented by a type Level within the theory,
so that level quantification can be achieved using ordinary dependent function types, as in the
level-polymorphic identity function (¢ : Level) — (A : U;) — A — A2 This is a seemingly very
powerful feature that allows not only higher-rank universe polymorphism (for example, proving
a theorem under the assumption that every universe is univalent [The Univalent Foundations
Program 2013; Bezem et al. 2023]), but also e.g. storing universe levels in data structures. Allais
[2019] made use of the latter feature to implement level-polymorphic n-ary functions, but noted
that its metatheoretical consequences were unknown. While at least one type theory with first-class
levels is now known to be consistent and admit closed term computation (canonicity) [Chan and
Weirich 2025], there has been little work about properties related to open computation, such as
normalisation and decidability of equality, properties that are relevant for implementation in proof
assistants.

Universe-polymorphic types such as that of the identity function above quantify over all finite
universe levels, so they are “too big” to live in any finite universe themselves. In Agda 2.6.1 [The
Agda Team 2020], these types are given the type U,,, which is not an element of any universe, so
there are only o + 1 universe levels. The next version, Agda 2.6.2 [The Agda Team 2021], has a
second countable hierarchy U, : U,y+1 : - - -, hence a hierarchy of w - 2 universes, of which only
the first o are internal and thus subject to universe polymorphism.

!Formerly known as Coq.
2Agda’s default syntax uses Set instead of U.
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1.1 Contributions

We describe a dependent type theory with a hierarchy of universes a la Russell indexed by a type
of levels (Section 2). Our theory of levels is closely inspired by Agda 2.6.1’s hierarchy of w + 1
universes and features a least level 0, a successor function —*, and a supremum operator LI obeying
the following equalities judgementally: left and right identity for 0, associativity, commutativity,
distributivity with respect to —*, idempotence, and subsumption;* to put it more concisely, levels
form a bounded sup-semilattice with an inflationary endomorphism of sup-semilattices —*.

We prove consistency, canonicity, weak head normalisation, and injectivity of type formers for
this type theory using logical relations (Section 3). We further prove decidability of equality and
(for a fragment of the language) typing, and deep normalisation (Section 4). We build upon the work
of Abel et al. [2017]; all the main results are formalised in Agda, extending a formalisation based
on that of Abel et al. [2023]. Like the previous work, we make use of induction-recursion in the
metatheory, but we do not make essential use of Agda’s first-class levels:* most of our development
is parametrised by a single universe level for the underlying type of the modality, so our proof
could be replayed in a universe-monomorphic setting with just a handful of universes. To our
knowledge, this is the first proof of normalisation for a type theory with higher-rank universe
polymorphism or first-class levels.

We also prove that extraction to an untyped A-calculus is sound when level primitives are erased
(Section 5), building upon the results of Abel et al. [2023].

1.2 Related Work

Chan and Weirich [2025] prove consistency, canonicity and other properties for TTBFL, a type
theory with bounded first-class universe levels: unlike the type theory presented here, this allows
quantifying over levels bounded by a given level. However, as far as we know it is still unclear
whether TTBFL enjoys normalisation, and the technique described in the present work does not
straightforwardly extend to bounded levels (see Section 6). Their work is formalised in the proof
assistant Lean [The Lean Developers 2025].

Bezem et al. [2023] present a type theory with higher-rank universe polymorphism realised as a
separate form of quantification rather than with first-class types. Their theory of levels is quite
similar to ours: it also consists of a sup-semilattice with an inflationary endomorphism (but no least
level, so that every construction involving universes must be universe-polymorphic). Bezem et al.
conjecture that normalisation holds. They also conjecture that, if a term has type N in a context
with only level variables, then the term is convertible to a numeral. We prove a similar result for
contexts where all assumptions have type Level or type U, for some ¢ (Corollary 3.13). Bezem et al.
[2023] also present a variant of the type theory with level constraint assumptions.

Kovacs [2022] investigates the semantics of type theories with generalised universe hierarchies
(defined as types equipped with well-founded, transitive relations) and first-class universe levels
within the framework of categories with families [Dybjer 1996] and builds inductive-recursive
models of these theories, partially formalised in Agda. While canonicity plausibly follows from a
gluing argument reusing the model used to prove consistency, normalisation is less clear. Kovacs
also discusses the universe features implemented in several proof assistants.

Hou (Favonia) et al. [2023] discuss further examples of universe hierarchies (notably, non-well-
founded ones). They show, using a syntactic interpretation argument, that if certain type theories

3That is £ LI £* = £*, or in other words ¢ < £* for the partial order induced by LI
“We use Agda’s standard library [The Agda Community 2025], which does use first-class levels [Allais 2019], but we expect
that it would be possible to switch to a library without essential use of first-class levels.
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with rank-1 universe polymorphism are inconsistent, then the same applies to a certain universe-
monomorphic type theory with a hierarchy of « universes.

Courant [2002] proves normalisation and other metatheoretical properties for a type theory
in which contexts can introduce universe levels with bounds by translating it into a type theory
without universe polymorphism.

Jang et al. [2025] formalise a version of Martin-Lof type theory with a cumulative hierarchy of w
universes without universe polymorphism in Rocq. They prove soundness and completeness for a
normalisation-by-evaluation algorithm, and extract it into an executable OCaml type-checker.

Our proof of soundness of extraction (Theorem 5.1) builds on the work of Abel et al. [2023]. In
that work the target of extraction is a language that uses call-by-name. We additionally support
call-by-value. In the call-by-name setting we remove erased function arguments entirely (unlike
Abel et al.). In the call-by-value setting it is not always safe to do so: Letouzey [2003] points out that
if additionally the eliminator for the empty type is replaced with code that throws an exception,
then that exception can be triggered, and Mishra-Linger [2008, Section 5.2.3] presents an example
that involves using an inconsistent, erasable assumption to type code that becomes non-terminating
after extraction.

There is a large body of work on erasure for dependently typed languages, but less about erasure
in the presence of universe polymorphism. We are not aware of any prior work on correctness
of erasure for dependent type theory with first-class universe levels. Sozeau et al. [2025] present
a mechanised proof of correctness of erasure for a variant of Rocq’s core language that includes
support for universe polymorphism. Their extraction method is type-based: types and certain
kinds of proofs are erased. In contrast, our extraction function is defined for a graded type theory,
which allows programmers to mark certain things as erasable. The extraction function erases type
constructors and level primitives, but a function argument of type U, or Level might not be erased if
it is not marked as erasable. Another difference is that Sozeau et al. prove statements of the form “if
a term has a value, then...” (roughly), whereas we prove that “every well-typed and well-resourced
term has a value and...” (given certain assumptions).

»

2 A Type Theory with First-Class Universe Levels

The formalisation of Abel et al. [2023] builds on work by Abel et al. [2017], later extended by Gaétan
Gilbert, Wojciech Nawrocki and Oskar Eriksson. It features II-types, strong and weak Z-types,
an empty type L, a strong unit type, natural numbers, and one universe closed under those type
formers, with n-rules for II-types, strong 2-types, and the unit type. Later the first-named author
of this paper extended the formalisation with identity types, and Oskar Eriksson added a weak unit
type. We extend the formalisation further with a type of levels, a hierarchy of universes indexed by
levels, and Lift types with 5-rules. Our formalisation is available online [Danielsson et al. 2025].

In order to keep our presentation focused, we mainly describe a fragment of our type theory
with only levels, universes, Lift types and II-types, and refer the reader to Abel et al. [2017, 2023]
and to the formalisation for a complete treatment of the other type formers. Our presentation also
differs somewhat from the formalisation. For instance, we do not include grade annotations for
II-types [Abel et al. 2023] until Section 5, and although we present well-scoped syntax, we do not
typically state conditions like “the context and the type are indexed by the same natural number”
(see the source code for the full details of such conditions). As another example, the formalisation
provides optional support for equality reflection, and some results are proved under the assumption
that equality reflection is not allowed: in this text we instead work with a type theory without
support for equality reflection.
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ief{0,...,n—1} t € Termn t,u € Termn
x; € Termn Level € Termn 0 € Termn t¥ € Termn tUu € Termn
te€Termn t € Termn AeTermn u € Termn teTermn
U, € Termn Lift; A € Termn liftu € Termn lowert € Termn
A € Termn B € Term (1 +n) t,u € Termn t € Term (1+ n)
IIAB € Termn tu€Termn At € Termn

Fig. 1. Selected raw expressions.

Throughout the paper, some definitions and theorems are hyperlinked to the formalisation. The
file README . 1agda.md in the formalisation contains counterparts to all the links, so if the links no
longer work, then one can use that file instead.

2.1 Syntax

We start by describing (in Figure 1) the syntax of well-scoped expressions : terms and types
in a context of length n € N. We use € to denote type membership in the metatheory.

Contexts of length n € N, written , are given by the following rules:
I' e Conn A€ Termn
-€Con0 (I',A) € Con(1+n)

Variables in a context I' € Con n are represented using de Bruijn [1972] indices ranging over a
finite set with n elements. Expressions admit substitution and weakening operations, both written
t[o]. We omit the definition of substitutions and weakenings, and only mention the weakening p
that takes terms in a context to a context with a new variable at the end.

If k € N, we may write k + t for the kth iterated application of —* to t, and | k for k + 0: for
example, | 1 denotes 0. We may also use the syntax (a : A) — Ba and Aa. fa in examples,
instead of de Bruijn indices. We reserve the names ¢, ¢’ for external levels and use t, u, v for level
expressions.

2.2 Typing Rules
There are five typing judgements, defined simultaneously: well-formed contexts , well-formed

types , equal types , well-typed terms , and equal terms .
These definitions also make use of a judgement for variables .

Figure 2 describes some key typing rules for our small fragment. We omit some bureaucratic
details: the rules for reflexivity, symmetry, transitivity and syntactic congruence of judgemental
equality, and certain presuppositions used in the formalisation (rules with omitted presuppositions
are admissible). We also omit the rules for terms of II-types. We write I' + £, u : A to abbreviate the
conjunction of judgements ' -t : Aand ' F u : A.

The equality rules for levels express the fact that well-typed level expressions in context T’
form a sup-semilattice with respect to LI with a least element 0 and an inflationary endomor-
phism of sup-semilattices —*, via the equivalent algebraic characterisation of sup-semilattices as
idempotent, commutative monoids. We recover the ordering on levels by defining the judgement

IF'rt<u:level|lasT +tUu=u: Level That —* is an endomorphism of sup-semilattices means
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VAR
TrA I'sx;: A +T I'sx;: A
- FT,A I,A > xo: Alp] T, B > x;41 : Alp] F'rxi:A
UNIV Un1v-EQ Conv Conv-EQ
THA: U, T+HA=B:U; Trt:A T'+tA=B 'rt=u:A '+A=B
'rA '+rA=B T'+t:B 'tt=u:B
LEVEL Lzero Lsuc Lsup U
+T +T I'tt: Level Trtu:Level T'+t: Level
T + Level : Uy T'FO: Level T+t Level I'+tUu: Level TrU U
Ip-L Assoc CoMmMm
I'tt: Level Trtuo: Level I'tt,u: Level
TrOoUt=t:Level F'r(tUuw)Uo=tU(ulo): Level FTrtUu=ullt: Level
IDEM
T+t:Level
TrtuUt=t:Level
DisTRIB Sus
I'tt,u: Level Trt:Level
Frtfuut =(tuw® : Level Trtutt =t*: Level
LirT LirT-U
T+u: Level T+HA Trtu:Level TrA:U;
T + Lift, A T+ Lifty, A: U,
LIFT LOWER
Trt:Level Tru:A IF'ru:Lift,A
T r liftu: Lift; A Trloweru:A
LirT-f LiFT-n
F'ru:A Trtu:lLift,A T+ lowert =loweru : A
T+ lower (liftu) =u: A IF'+t=u:lLift,A
P1 P1-U
IArB T'kt: Level 'rA:U, AR B: Uy
T'rI1IAB T+IIAB: U,

Fig. 2. Selected typing rules.
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that it distributes over LI, which is expressed by the rule DisTRr1B; that it is inflationary means
that we have T + t < t* : Level, which is exactly the content of the subsumption rule Sus. The
idempotence of LI ensures that the order is reflexive; a standard argument shows that it is also
transitive and antisymmetric. The right identity rule is derivable from the left identity rule and
commutativity, so we do not include it.

The following alternative typing rule for Lift is admissible, as one would expect:

LiFT-<
Trt<u:Level 'rA:U,;

TrLift,A: U,

Notice a crucial difference between the two rules P1 and P1-U: in the P1-U rule, the level of
the type family I', A - B must be a term ¢ in context I', so that it cannot depend on the index of
type A. This excludes all non-trivial examples of universe-polymorphic types, like the type of
the universe-polymorphic identity function (¢ : Level) — (A : U;) — A — A: this type is only
well-typed by the P1 rule, and does not live in any universe.

Comparison with Agda. We compare our system with Agda’s type theory:

e Agda’s II- and X-type formers are heterogeneous: given a type A and a type family B at
universe levels ¢ and u respectively, they form a type at level ¢ LI u. By contrast, our II- and
>-type formers are homogeneous: when they are used to create elements of a universe the
two levels must be the same. For instance, the type II Uy Up+, which is a well-formed type
in the empty context, does not have a type. Heterogeneous type formers can be defined
using the homogeneous ones and Lift, but II-types defined this way require level annotations,
unlike Agda’s IT-types which also work with types not belonging to any universe.

o In Agda 2.6.1 [The Agda Team 2020], types like (¢ : Level) — Set, are assigned the type Set,,,
which is not an element of any universe (ignoring any bugs in the Agda implementation). In
contrast, our type theory does not have a universe U,,; types that would live in this universe
are instead simply well-formed types (T + A).

e In Agda 2.6.2 [The Agda Team 2021], the universe Set,, is extended to a second countable
hierarchy Set,, : Set,+1 : - - -. This has the benefit that every type is contained in a universe;
furthermore, since one cannot quantify over levels above w, the second hierarchy is not inter-
nalised, avoiding the need for an additional universe Set,,.,. We expect that our formalisation
could be extended similarly (see Section 6), but with homogeneous II- and 2-types it would
presumably still not be the case that every type is contained in a universe.

e Like Agda, our type theory is not cumulative:® for example, the base type of natural numbers
does not have type U+ for any ¢. Instead, types can be explicitly lifted to higher universes
using Lift.

o Agda 2.6.4 [The Agda Team 2023] introduces a --level-universe flag which makes Level
live in a separate universe instead of Sety. Similarly, our formalisation has a parameter to
replace the conclusion of the LEVEL rule with I' + Level. A notable difference is that, in
this restricted setting, Agda disallows forming the identity type of Level, whereas our type
theory allows it (but that identity type does not live in a universe). With the exception of
that observation the parameter does not affect the results in this paper.

5Agda has optional, experimental support for cumulativity using the --cumulativity flag.
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Lsup-L Lsup-R
IT'rt—t':Level T'Fu: Level Trt:Level I'ru— u : Level
TrtUlu— t'Uu: Level Fr+ttuu—tTuu : Level
Ip-L ID-R DisTRIB
I'tt: Level T'+t: Level T'+tu: Level
F'rout—>t: Level F'rt"U0—t*: Level F'rt"uut — (tuw)t : Level
Lirt-f LOowWER
Tru:A T+t — u:lLift,A
T+ lower (liftu) — u: A T+ lowert — loweru : A

Fig. 3. Selected reduction rules.

2.3 Reduction Rules

We also extend the weak head reduction relation of Abel et al. [2017, 2023] with

the rules in Figure 3, which ensure that every level expression in the empty context reduces to
some canonical level | k (this will follow from our normalisation argument). The rules are designed
so that weak head reduction remains deterministic and stable under substitution.

One may see the rules for Ll as a specification of the maximum function on natural numbers
by recursion on the left argument, then on the right argument. Note that the D1sTRIB rule goes
“backwards” from what one might expect from a normalisation procedure for levels, as the goal is
only to reduce closed levels to canonical form. A separate normalisation procedure going the other
way, used to decide judgemental equality of levels, will be described in Section 4. Similarly we do
not include reduction rules corresponding to e.g. associativity or commutativity, those properties
are handled by the decision procedure.

In light of these reduction rules we carve out three syntactic categories of expressions: atomic
neutrals (Neutral® n), neutrals (Neutral n), and weak head normal forms (Whnf n), defined in Fig-
ure 4 for our small fragment. Normals and neutrals are standard ingredients of normalisation
arguments based on Tait’s computability method [Tait 1967; Altenkirch et al. 1995]. We use the
term weak head normal form for “constructor” applications and neutral terms, where neutral terms
are variables with a stack of eliminators (here we consider L! as an eliminator). Atomic neutrals are
neutral expressions that are not applications of LJ; this distinction only matters at type Level. The
reason for considering stuck applications of LI separately will become apparent in Section 3.

A similar syntactic category of stuck lists appears in the work of Allais et al. [2013, Figure 3],
which extends type theory with definitional equalities for lists, including e.g. associativity of the
list concatenation operator ++. Unlike us they only have a rule for applications of ++ to a stuck
list on the left, not on the right, in accordance with the fact that the definition of ++ uses recursion
on the left argument, whereas the reduction rules for LI in Section 2.3 “recurse” on both arguments.

We use the notation ‘ F'r——*—:A ‘for the reflexive, transitive closure of T + — — — : A,

and we define type reduction by “there is some ¢t such thatT v A — B : U,”. Let
I' + J stand for any of the following typing judgements:T' + A, T + A=B,T+t:AorT+t=u:A.

We have the following properties (Abel et al. [2017, Theorem 3.26] prove some of these properties
after the fundamental lemma, but we structure our proofs a little differently):

®This time we omit one presupposition.
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t € Neutral®n t € Neutraln
t € Neutraln t € Whnfn
ief{0,...,n—1} t € Neutral® n t € Neutral® n u e Termn
x; € Neutral®n lowert € Neutral®*n tu € Neutral®*n
t € Neutraln u € Termn t € Termn u € Neutraln
t Uu € Neutraln t* Uu € Neutraln
t € Termn t € Termn
Level € Whnfn 0 € Whnfn t¥ € Whnfn U, € Whnfn
t,AeTermn u e Termn AeTermn B e Term (1+n)
Lift; A € Whnfn liftu € Whnfn IIAB € Whnfn

t € Term (1 +n)
At € Whnfn

Fig. 4. Atomic neutrals, neutrals, and weak head normal forms.

LEmMMA 2.1. (Well-formedness) Inhabited typing and reduction judgements have well-formed argu-
ments.

'+ 9 impliest+ T,

I' - A=BimpliesT v AandT + B,
I'+t:AimpliesT + A,
IF'rt=u:AimpliesT+t:AandT Fu: A,
I'+A—" BimpliesT + A andT + B, and
e+t —"u:AimpliesT+t:AandT +u:A.

3 A Logical Relation

In order to prove properties of terms in open contexts, we use a Kripke logical relation extending
the one formalised by Abel et al. [2017, 2023]. This consists of judgements I" I 7, called reducibility
predicates, capturing the intended observations for the elements of each type: for example, the
predicate for natural numbers says that every reducible element of type N reduces to 0, the successor
of a reducible natural number, or a neutral term. Our aim will then be to prove a fundamental
lemma (Lemma 3.3) stating that the reducibility predicates form a model of our type theory, in the
sense that well-typed objects are reducible (e.g. T' + t : A implies ' I ¢ : A).

More precisely, we model the internal universe hierarchy using an external hierarchy of w + 1
inductive-recursive universes: we define (in Section 3.2) judgements I' I, J, where ¢ is either a
natural number or w and (as above) J stands for any of the four typing judgements (excluding
context well-formedness). We do this by well-founded induction on ¢ using an inductive-recursive
“universe operator” which defines the judgements T I, J assuming that the judgements T i, T’
are defined for all #/ < ¢ and for all . By contrast, the logical relations of Abel et al. [2017] only
use two external levels, 0 and 1, as they only have a single universe.
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Following Abel et al. [2017], our logical relation is parametrised by a family of generic equality
relations: for types, for terms, and for atomic neutral
terms. These generic equality relations are partial equivalence relations closed under weakening,
type conversion and (for the first two) weak head expansion, and they are contained in judgemental
equality (the third relation is also contained in the second). They also satisfy variants of various
judgemental equality rules (e.g. associativity of LI); we refer the reader to the formalisation and the
previous work for more details. The fundamental lemma is instantiated twice, first with judgemental
equality, then a second time with algorithmic equality relations (some further motivation for this
design is given by Adjedj et al. [2024, Section 4.4]).

3.1 Reducible Levels and Neutrals

The proof of Abel et al. [2017] extends directly to a hierarchy of w universes instead of a single one
where, informally, an element A : U, of a universe is reducible if (among other conditions) A is a
reducible type at level ¢, and U, is only reducible at levels strictly greater than ¢.

The introduction of internal levels complicates things: when should U; be reducible? We can
find a hint in the canonicity argument of Sterling [2019, Section 5] for an algebraic presentation of
a type theory with a hierarchy of universes a la Russell and a sort of levels: in the case of canonicity
for closed terms, a level - ¢ : Level is reducible if there is a natural number ¢* (called its realiser)
such that ¢ is judgementally equal to | ¢°, and a type A : U, is interpreted as a t*-small family over
the closed terms of A (that is, a family valued in the ¢#°-th metatheoretical universe).

In our setting with open terms a level might not be judgementally equal to | n for some natural
number n. However, we will still define a (recursive) function T that assigns a realiser to each
reducible level ¢, and use this to define when U; is reducible. How should levels that reduce to
neutral expressions be handled? In order to model the Conv rule, judgementally equal levels should
have equal realisers; it is thus natural to require that T is a homomorphism of sup-semilattices
from reducible level terms up to judgemental equality to (N, <). This suggests that the reducibility
predicate for a neutral level of the form t U u should include information about t and u.

We start by defining reducible atomic neutral terms of any type | I' -neNf ¢ : A |and reducible
levels ; these definitions are independent of the external level . The judgement I' F-neNf ¢ :
Aholds iff ¢ is atomic neutral and T + ¢ ~ ¢ : A. The judgement T IFLvl ¢ holds iff T + t —* 7 : Level

with  in weak head normal form and furthermore T I-Lvl,, ¢; the judgements for levels
in weak head normal form (WHNF) and for neutral levels are defined mutually with

I' -Lvl ¢ by the following inductive rules, which mirror the structure of normal and neutral levels
given in Figure 4:

NE ATOoM
T rLvl, t T IFneNf ¢ : Level
T kLvl,, t T ikLvl, ¢
LzEro Lsuc Lsur-L Lsur-R
TirLvl ¢t T irLvl, ¢ TirLvlu T irLvl ¢ TirLvl, u
T IFLvly, 0 T iFLvly, t* Tirlvl, t Uu TirLvl, tf Uu

Given a reducible level ¢, we define the realiser of t as a natural number (one of the first w
external levels) by the following specification, where LI also denotes the maximum of two natural
numbers:

T'rt—"7: Level 00 . - t € Neutral®*n
- T0= T =141t Ttuw) =(Tu(Tu) TTizo
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NE Atom
Tirlvl,t=u T irneNft =u : Level
Tilvly t=u TiLvl,t =u
LzERO Lsuc Sus
FirLvlt =u T irLvl, ¢ FrlvlitUu=u
T'iFLvl, 0=0 TirLvly tt =u? TirLvly tuut =u*
Sym TrANS
TiLvlyt=u TiLvlyt =u TirLvl, u =0
Tilvlyu=t FirLvly t =0
Lsup-L Lsupr-R ZERO-R
TirLvl, t =+ TiLvliu =’ TiLvlt =t TirLvl,u=u’ T iFLvl, t

Tirlvl,tUu=¢t Uy Tirlvl, tTuu =t uy TirLvl, tL0=t

Assoc-2
TirLvl ¢ T irLvlo

Tilvl, (tfuw)Uo=t" U (uU0)

Assoc-1
T irLvl, t

TirLvl, Uw)Uo=¢tU(ulUo)

T iLvlu,0 T irLvl, u

Assoc-3 ComMm-1

TirLvlt,u TiLvl, 0 T iLvl, t,u’ TirLvlit =¢ TFrLvliu =’
Tibvl, (tuw)* Uo=t*u (u* Uo) Trlvl,tUu=u Ut

CoMM-2 IpEM

T irLvlt TirLvl, u TirLvlitt =+ T iFLvl, ¢ TirLvlit=¢

TirLvl, t" Uu=uurt TirLvl, tUt =t

Fig. 5. Reducible level equality.

In reality, Tt is defined by recursion on a witness of I" IFLvl £, but we omit the witnesses for ease of
notation; this is justified by a proof-irrelevance lemma. Note how we make use of the stratification
of neutral level expressions into stuck applications of LI and atomic neutrals in the definition of
level reducibility to ensure that the equation T(t Ll u) = (Tt) U (Tu) holds: if ¢ Ll u were treated as
an atomic neutral, then we would not be able to recursively compute T¢ and T u.

The choice to define the realiser of any atomic neutral level as 0 may be surprising, but it
makes no difference: any other natural number would do, and in our formalisation we make this
definition abstract [The Agda Team 2025, Section 3.1] to ensure that it does not affect the rest of
the development (alternatively, we could make this value a parameter to the proof, thus realising
atomic neutrals as a metatheoretical neutral value). Informally, the important properties of T have
to do with the relations between levels: T I-Lvl ¢t = u implies Tt = Tu and I IFLvl t U u = u implies
Tt<Tu’

7Observe that, for all k < w and T, we have T' IFLvl | k and T | k = k. Incidentally, the choice to realise atomic neutral levels
as 0 means that we also have I' - | T < ¢ : Level for all reducible levels ¢, so that T is a coreflection of the internal poset of
levels in context I onto (N, <): it is part of a Galois connection | 4 T in which the left adjoint | is an order embedding.
This fact plays no role in our proof.
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The reducible equality judgement for atomic neutrals |I' iFneNf t =u : A ‘holds iff t and u are

both atomic neutral terms and I" + ¢ ~ u : A. The reducible level equality judgement
holdsiff T + t —* ¢ : Level and T + u —* & : Level, with ¥ and % in WHNF and furthermore
T kLvly, t = u; the judgements for levels in WHNF and for neutral
levels are defined mutually with I' FLvl ¢t = u by the inductive rules in Figure 5. Those rules are
essentially refinements of the typing rules according to the syntactic categories we have mentioned,
and are informed by the proofs that the typing rules preserve reducibility. For example, the rule
for the associativity of LI is split into three rules corresponding to different ways in which the
expressions can be neutral. The rule Sus stands out as the only case in which a neutral level is
equated with a non-neutral level in WHNF. We modified it slightly compared to the typing rule
SuB in order to prove that LI respects equality (I' IFLvl ¢ = u) in its first argument. One may read it
as saying that ¢ < u implies t < u™ (for neutral t).
We spell out two illustrative lemmas, one for terms and one for equalities:

LeEMMA 3.1. (Reducibility for Lsup) If T \Lvl t and T wLvl u, then T FLvl ¢ L u.

Proor. By recursion on I IFLvl ¢:
eIfI'+t —* 0: Level, thenT + t Uu —* u : Level, hence T IFLvl ¢ U u by weak head
expansion.
o IfT +t —* '* : Level with T IrLvl ¢/, then, by recursion on T I-Lvl u:
-~ IfT+u—"0:Level,thenT r t Uu —* ¢'* : Level, hence I rLvl t L u by Lsuc.
-IT+ru—"u*: Level withT wLvlu/,thenT + t Lu —* (¢’ Uu')* : Level and
I' FLvl t" L’ by the induction hypothesis, hence I' I-Lvl ¢ LI u by Lsuc.
- IT+u—"m: Level withTIrLvl,m, thenT r tLlu —* t’*LUm : Level, hence T IFLvl¢tLu
by Lsup-R.
o IfT'+t —" n:Level with T rLvl, n,thenT + t Uu —* nlUu : Level, hence I FLvl t Ll u by
Lsup-L.

Note that the structure of this proof is similar to a usual recursive definition of the maximum
operator LI for natural numbers, with additional cases for neutral levels. O

LeEmMA 3.2. (Reducibility for IDEm) IfT Lvl ¢, then T rLvl t LIt = ¢.

Proor. By recursion on I IFLvl ¢:

o IfT +t —" 0: Level, then the result follows by the equality rule LzEro.

o IfT +t —* t'* : Level with T IrLvl ¢/, then it suffices to show T IFLvl, (¢’ L #')* = t'*, which
follows by the induction hypothesis and the equality rule Lsuc.

e IfT +t —" n: Level with T IFLvl, n, then it suffices to show I -Lvl, n U ¢t = n. Since we
have I' FLvl t = n by weak head expansion, this follows by the equality rule IDEM. O

3.2 Reducibility
We are now ready to define the other reducibility judgements. As in the work of Abel et al. [2017,

2023], the main judgement is defined inductively, while the judgements|I' -, A =B / of

and ’ Thret=u:A/ oA ‘ are defined by simultaneous recursion on a witness & of I' I, A. This

inductive-recursive [Dybjer 2000] definition is our main source of metatheoretical strength compared
to the object theory, which allows us to stay clear of Gdelian limitations. To reduce redundancy,

we define the term reducibility predicate |T' ;¢ : A / o/ |asT p t =t : A / &. Unlike the syntax,

our model is cumulative by construction: ' -, A implies ' -y A for £ < ¢, and similarly for the
other relations.
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Neutrals. Types which reduce to a reflexive atomic neutral type are reducible:

'rA—*N N € Neutral®n I''rN=N
'r, A

For a derivation .4 built using this rule, we define:

e I' -y A =B / W iff there is an atomic neutral M such that' + B—* M and T+ N = M.
eyt =u:A/ N iff there are terms k,m suchthat '+t —* k: N,T+u —* m: N, and
T'ikneNfk =m: N.

Levels. Types which reduce to Level are reducible at every level:

T'rA—" Level
'r, A

For a derivation & built using this rule, we define:

e, A=B/ZiffT + B—" Level.
el t=u:A] LiffTLvlt =u.

ThusT I, t : A/ £ is defined as T IFLvl t = ¢, which is logically equivalent to T I-Lvl ¢ by level
reflexivity and well-formedness.

Universes. Types which reduce to U; for some reducible level ¢ such that T¢ < ¢ are reducible at
level ¢:

r-uv—"U, T irLvl¢ Tt<t
T, U

As an example, U is reducible at level 1 in any well-formed context; more generally, U, is reducible
at level 1 + Tt for any reducible level t. For a derivation % built using this rule, we define:

e T+, U=V /% iff there exists u such that T + V —* U, and T IFLvl t = u.
e, A=B:U /| Uiff
(1) TFA—*A: U andT + B—" B : U, where A and B are types in WHNF (applications
of type constructors or atomic neutral terms) such that ' A = B : U, and
2 L€l AandT rp; BandT' ik, A=B / A.
Note that I" Iy, J is well-defined by the induction hypothesis, since Tt < ¢.

Lift types. Types which reduce to Lift; F are reducible at level ¢ iff t and F are:

I'rA—>" Lift, F T Lvlt F €Tk, F
'er, A

Note that this definition does not involve any actual lifting: from the point of view of reducibility,
Lift is essentially transparent. Instead, lifting will follow from the cumulativity of the logical relation
when proving the relevant case of the fundamental lemma (Lemma 3.6). We do not need to require
that Tt < ¢ either. For a derivation & built using this rule, we define:

el A=B/ ZLiffT + B—" Lift, G, withT rLvlt =uandT v+, F=G | &.
el t=u:A/ Liff T+t —*t:Lift; Fand T r u —* u : Lift; F, where t and u are in
WHNF, and furthermore I I, lowert = loweru : F /| &.
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I[I-types. We have not made any changes to the definition of reducibility for II-types in order to
support the universe hierarchy,® and omit the definitions for type equality and terms. The definition
makes use of the notion of a well-formed weakening, A + p : ', and the operation {} that lifts such
a weakening to a weakening that satisfies A, A[p] + p1I : T, A (assuming that A + A[p]):

r'-A—*IBC r+IBC=IIBC B eVAAFp:T.AN Blp]

G cVAArp:T,Arpt:Blpl /| BAp.A e ClpN][E/%0]
VAAvRp:T,Z €At :Blpl /| BAp,Avrpu:Blpl | BAp,Avpt=u:Blp] | BAp.
At ClpMlt/x0] =ClpNu/xo] : €Apt
'er, A

The reducibility judgements for type and term equality are defined by recursion on type re-
ducibility witnesses, but for a given type it does not matter which witness one chooses (up to logical

equivalence). Below we use the notation for the type of pairs containing a witness

o €T Iy Aand an element of T' -y £ : A / &/, and similarly stands for pairs with a

witness &/ € T Ik, A and an element of T Ik, t =u : A / &. The notation is used for
triples containing a witness &/ € T I, A, an element of T I, B, and an element of T' -, A =B / .

3.3 Validity and the Fundamental Lemma

The reducibility judgements of Section 3.2 are designed so that I -, J implies I' - J: one might
find it helpful to think of them as describing a displayed model over the syntax of our type theory for
which the fundamental lemma will provide a section [Kaposi et al. 2019]. However, the reducibility
judgements are not a priori sufficient to model type theory; in particular, if we tried to prove the
fundamental lemma for them by direct induction on typing derivations, then we would have trouble
with the cases for II-types. Instead, like Abel et al. [2017], we define a family of validity judgements
Ty J which close the reducibility judgements under reducible substitutions.”

We first define reducibly equal substitutions , valid contexts and valid

equal types by mutual recursion on the context I'. The valid type judgement
is defined as I Iry A = A.

o A - =-.:-iff Aisawell-formed context (+ A).

e A o1,t =09, u : T,AIff A V5 07 = 0y : T and furthermore there exists a level £ such that
F'ryAand Ayt =u: Aloy].

e IV - holds trivially.

o IV T, A iff there exists a level £ such that " I} A.

e I' ry A = Biff ' T and furthermore, for all contexts A and reducibly equal substitutions
AW o1 =0y : T, we have A Ir; A[o1] = Blos].

Valid terms are defined analogously:

. iff T Iy A and furthermore, for all contexts A and reducibly equal substitutions
AW o1 =0y : T, wehave A I+, t[o1] = uloz] : Alo1].
o [TH t:AliffTH t=t: A,

8We changed it to accommodate the definition of unary reducibility for terms in terms of binary reducibility.
The categorically-minded reader may recognise this as one of the central features of the gluing construction [Kaposi et al.
2019; Altenkirch and Kaposi 2017], although we do not attempt to make the connection precise.
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We can now state the fundamental lemma:

LEmMA 3.3. (Fundamental lemma) Well-typed objects are valid:
o T implies -V T.
o I'+ AimpliesT Iy A for some .
e I'+ A=BimpliesT v; A =B for some¢.
o I'+t:AimpliesT Iyt : A for some .
eI'+t=u:AimpliesT \;t =u:A for somef.

The fundamental lemma is proved by induction on the typing judgements. We have already
presented some of the cases for the typing rules related to levels at the end of Section 3.1; they lift
straightforwardly to validity judgements. We sketch some of the other cases that are affected by
the addition of internal levels:

LEmMA 3.4. (Validity for U) If T v} t : Level, then T ), Uy : Uy~

Proor. By lifting the analogous statement about reducibility, which holds because Tt < Tt < w,
to validity. O

LemMmA 3.5. (Validity for UNtv) If T &y A : Uy, thenT ] A.

Proor. By lifting the analogous statement about reducibility, which holds by cumulativity of
reducibility using the fact that I' -1, A and Tt < ¢, to validity. O

LemMma 3.6. (Validity for Lirr-U) If T Hl t : Level, T Ir—Z2 u : Level, and T ||—‘{f3 A : U, then
I' ) Lift, A : U

Proor. By lifting the analogous statement about reducibility, which holds by cumulativity of
reducibility using the fact that T’ -y, Aand Tt < T(t U u) < w, to validity. O

Lemma 3.7. (Validity for P-U)IfT + ITAB : U, T Il—}fl t:Level, T ||-‘£fZ A:U;, andT, A ||—‘{f3 B: Uyps
thenT ) IIAB : U;.

Proor. The proof uses the validity assumptions to derive reducible equality for A and B with
weakenings and substitutions applied. It also uses the fact that level realisers are stable under
weakening, i.e. that T(¢[p]) = Tt for any well-formed weakening p. )

As an immediate consequence of the fundamental lemma we obtain the following result:

COROLLARY 3.8. Well-typed objects are reducible: T + J impliesT' +, J for some ¢, for each of the
four typing judgements T .

Proor. This follows from the fact that, for a valid context T', the identity substitution is reducible
Twrid=id:T). O

Instantiating this corollary with judgemental equality as generic equality gives the following
corollaries, among other results:

COROLLARY 3.9. (Consistency) There is no closed term t such that - + t : 1L, where L is the empty
type.

CoROLLARY 3.10. (Canonicity) For every closed term - + t : N, there is an external natural number n
such that - + t =suc™ 0 : N.

Proor. Both consistency and canonicity follow from the fact that there are no neutral terms in
the empty context. O
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COROLLARY 3.11. (Weak head normalisation) Every type T + A and every termT + t : A reduce to a
weak head normal form.

COROLLARY 3.12. (Injectivity of and non-confusion for type formers)
o '+ U =U, impliesT' -t =u: Level,
e T + Lift; A = Lift, B impliesT' + t =u : Level andT + A = B,
e ' +ITAB=ITA"B impliesT + A=A" andT,A+ B=H,
o I'  Level = N is not derivable,
e I' + U; = N is not derivable,
e and so on.

We prove a generalisation of Corollary 3.10 for contexts containing only level and type variables:

COROLLARY 3.13. For every context I' consisting only of variables of type Level or U;, and for every
term T + u : N, there is an external natural number n such thatT + u =suc™0 : N.

PRrROOF. An atomic neutral term in such a context is necessarily a variable, since none of the
eliminators (except for LI) can be stuck on a level or a type. But no variable in such a context can
have type N, by Corollary 3.12. O

4 Decidability of Equality

Following Abel et al. [2017], we show decidability of judgemental equality using a second instantia-
tion of the fundamental lemma (Lemma 3.3) with algorithmic equality: an inductive specification of
a bidirectional conversion checking algorithm [Lennon-Bertrand 2025]. In more detail, algorithmic
equality consists of several relations, defined mutually inductively, which explain how to reduce
terms and types to weak head normal forms and compare them recursively:

o |I'+ A== B|and|I + A < B/|for arbitrary types and types in WHNF respectively,
o|Trte>u:A|and|T + t & u: A|for arbitrary terms with arbitrary types and terms

in WHNF with types in WHNF respectively, and

° ‘ Trte<—>u:A ‘ and‘ Trte— u:A ‘ for atomic neutral terms and atomic neutral terms
with types in WHNF respectively.

The algorithm extends straightforwardly to Lift types and multiple universes, so we focus on the
main addition: the decision procedure for level equality. We take inspiration from Agda’s internal
design and use the following approach: two level expressions are compared by normalising them
to partially canonical views of the form | |o;., ki + a;, where a; is an atomic level (0 or an atomic
neutral), and using the fact that | |; x; < | |; y; if and only if Vi. 3j. x; < y;. This boils down to
comparing atomic neutrals for equality, so this procedure is defined mutually inductively with the

rest of the algorithm. We define ‘ LevelAtomT |, ‘ Level' T L and‘ Level' T ‘ as follows:

T'rte—t:Level neN a € LevelAtomT
0 € LevelAtomT t € LevelAtomT (n+a) € Level™ T
t € Level" T u € Level'T
0 € Level'T (tUu) € Level'T

Note that an element of Level' T is simply a list of Level* T.
The next step is to explain how level views are compared. We define, still mutually inductively,

binary relations and on Level'T, between Level* T and Level' T, on Level™ T,

and on LevelAtomT, as follows:
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t<u u<'t t<™o u<'o t<tu t<™o
t="u 0<'o tuu<'o t<Yuuo t<™uuvo
n<m t<*u Trte— u:Level
n+t<*m+u 0<?t t<*u

Finally, we explain how to convert a level to a level view via the relations for
arbitrary levels, for levels in WHNF, and for neutral levels, where

v € Level'T'. These relations are defined inductively as follows, where the successor operation
on a Level'T is defined by adding 1 to every Level* T in the list'” and the supremum operation

on Level'T is defined as list concatenation:

Trt—"1: Level t € Whnfn rrr="vo
Trrt="v
FT Frrt=="v I'rt—'o
rro="0 Frtt =Vo* F'rt="vo
I'rt—'o rru="v¢ Irrt="v F'ru—"o I'Ft«—t:Level
FTrtuu—"olvo Frrttuu—Yot o' F'rt—Y(0+1)U0

The relation I + t &= u : Level is then defined to hold if and only if ' + t =" v and
'+ u =" ¢’ with o =¥ ¢’. We have checked that the algorithmic equality extended in this way
is sound in an appropriate sense, stable under weakening, decidable given that both sides are
algorithmically equal to some type or term,!! and that the normalisation of levels is deterministic
with respect to a notion of syntactic equality for level views.

It only remains to show that algorithmic equality is still an instance of the generic equality
relation, which includes showing certain equalities involving LI (associativity, idempotence, etc.).
The following lemma reduces this to the task of checking those equalities for level views:

LEMMA 4.1. IfT + t =>"0v; andT + u=>"0,, then there existsv € Level' T such thatT + tUu=>"v
andov =" v; LY v,.

Proor. By recursion on the witnesses of normalisation, analogously to the proofs of Lemmas
3.1 and 3.2, and using basic properties of =". O

Reaping the fruits of this section, we now instantiate the fundamental lemma (Lemma 3.3) with
the algorithmic equality relations to obtain the following:

THEOREM 4.2. Algorithmic equality is complete with respect to judgemental equality:

e I'+ A=BimpliessT + A== B.
elrt=u:AimplisT+Ht S u: A

COROLLARY 4.3. Judgemental equality of well-formed types and terms is decidable.

Proor. By decidability of algorithmic equality applied to witnesses of equality obtained from
completeness of algorithmic equality and reflexivity. O

10We also prepend 1 + 0 in order to avoid treating the empty list differently.
UForTrt«“>u:AandT r t <« u: Aitis decidable whether there is some A such that these relations hold.
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t checkable
A, B checkable-type A checkable-type A checkable
IT A B checkable-type Lift; A checkable-type A checkable-type
t checkable t checkable t inferable
At checkable lift t checkable t checkable
A inferable B checkable t inferable u checkable
x; inferable IT A B inferable t u inferable
t checkable t, u checkable t checkable
Level inferable 0 inferable t* inferable t U u inferable U, inferable
t checkable A inferable t inferable
Lift; A inferable lower t inferable

Fig. 6. Selected rules for checkable types, checkable terms, and inferable terms.

COROLLARY 4.4. (Deep normalisation) Well-formed types and terms have n-long normal forms.

Proor. By recursion on witnesses of algorithmic equality obtained from completeness of algo-
rithmic equality and reflexivity. O

Abel et al. [2023] classify certain terms as checkable and/or inferable (with every inferable term
being checkable). These classes exclude, for instance, f-redexes: note that lambdas and applications
are not annotated with type information. Abel et al. use a bidirectional type-checking algorithm to
prove that, under a context of types that are checkable terms, type inference is decidable for an
inferable term, and it is decidable whether a checkable term has a given type that is a checkable
term.

With the introduction of a universe hierarchy some things become a little harder. Abel et al. define
the term IT A B to be inferable if A and B are checkable: the only way for IT A B to be a well-typed
term is if A and B both have type U, so it suffices for A and B to be checkable (against the type
U). In our setting IT A B is a well-typed term under T if there is some ¢ such that I" + ¢ : Level,
I'+A: U andT,A + B : Uyp). Thus we define ITA B to be inferable if A is inferable and B is
checkable: in the algorithm we first try to infer a type C for A, then we check if C reduces to a
WHNF U, for some t, and finally we check if B has the type U ).

However, the question of whether the term II A B is a well-formed type is different from the
question of whether it has a type. Note that IT A B is a well-formed type under I' if I', A + B holds
(and T, A is well-formed if T + A holds). We introduce the notion of a checkable type, and define
IT A B to be in that class if both A and B are.

We define checkable types‘ A checkable-type ‘, checkable terms and inferable terms

mutually inductively. Rules for the fragment of the language that we focus on can be
found in Figure 6.2 Note that lift ¢ is not inferable due to the absence of a level annotation.

121t may appear as if the classes of checkable and inferable terms are defined without reference to the class of checkable
types, but the rules for several omitted eliminators include such references. See the source code for details.
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The class of checkable types is strictly larger than the class of checkable terms: every checkable
term is a checkable type, but the term II (A xp) xo, which is a checkable type, is not checkable. Note
that this term is not a well-formed type. We have proved that every well-formed, checkable type is
inferable.

With the definitions discussed above in place we can state the following theorem:

THEOREM 4.5. (Typing is decidable)

o IfT is a context of checkable types, then it is decidable whether + T'.

o If A is a checkable type and T is a context of checkable types, then it is decidable whether T  A.

e Ift is a checkable term, A is a checkable type, and T is a context of checkable types, then it is
decidable whetherT' + t : A.

e Ift is an inferable term and T is a context of checkable types, then it is decidable whether there
exists an A such thatT +t : A.

5 Erasing Levels Is Safe

There is no mechanism for making run-time decisions based on the value of a universe level, so it
should be safe to erase them as part of the compilation process. Building on the work of Abel et al.
[2023] we show that an extraction procedure that takes terms in (a variant of) our type theory to an
untyped A-calculus is safe in the sense that closed (and well-resourced) terms of type N that reduce
to a given numeral n in the source language reduce to the same numeral in the target language.
The target language of Abel et al. uses call-by-name. We additionally support call-by-value.

Abel et al. [2023] present a graded type theory, where the syntax is annotated with grades and
there is a usage relation that classifies “well-resourced” terms ¢ under a usage context y and
mode m. Their Theorem 8.3, establishing soundness of extraction, is given for an arbitrary modality
with a well-behaved zero, and our formalisation takes basically the same approach. Here we instead
work with a fixed modality, the erasure modality. This modality has two grades: 0, which stands for
“not used at run-time”, and w, which stands for “used an arbitrary number of times”.!* The usage
contexts associate a grade with every variable, providing (approximate) information about how
many times the variables are used. The modes are 0 and 1: if the mode is 0, then variables can be
used freely, and if the mode is 1, then variable uses are counted.

We will not present the full details of the graded type theory here, but we can note that IT-types
are annotated with a grade that states how many times a variable may be used in the “run-time parts”
of the body of a lambda: zero times or an arbitrary number of times. Lambdas and applications are
also annotated with this kind of grade. (II-types are in fact annotated with a second grade as well.)

We have added levels and lifting to the type theory. In the graded type theory there are no grade
annotations on the level or lifting term formers, and their typing rules are unchanged. Their usage
rules are given below, along with the one for U:

yolt y»"t ye"t 5»™u
0° > U, 0°>™ Level 0°>™0 yemtt y+6e" tUu
yolt 6-™A y»"u y»"t
&»™ Lift, A Yo" liftu y»" lowert

Here 0° is a usage context where every entry is 0, and y +¢ § is implemented using pointwise
addition: 0 is an identity element for addition, and w + w = w. Note that the premises corresponding

3Not to be confused with the universe level c, which plays no role in this section.
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to the level arguments of U, Lift and lower have the mode 0: variables can be used freely in these
arguments.

Let us now discuss the target language. Here is a selection of its syntactic constructions (the
formalisation uses well-scoped syntax, but those details are omitted here):

tbuu=4 |varx|lam¢|app®tu|zero|suct| ...

We have omitted some terms related to N, Z-types and unit types. The term / is a value that we
(sometimes) use when extracting things that should be erased. Variables x are natural number
literals: we use de Bruijn indices. Applications come in two forms: the strictness s can be strict or
non-strict.

Certain terms are seen as values (pair and unit constructors have been omitted):

Value 4 Value (lam ¢) Value zero Value (suct)

We also use an auxiliary predicate Value® ¢ that holds vacuously when s is non-strict, and is equal
to Value t when s is strict.

A small-step semantics is defined inductively in the following way (rules relating to N, 2-types
and unit types are omitted):

t=t Value t u=u Value® u

strict ’

app*tu = app*t' u app™tu = app™itu app® (lam t) u = t[u/0]

The fS-rule uses substitution (the definition of which is omitted). Note that strict applications only
reduce if the second argument is a value: the second argument of an application can reduce prior
to f-reduction only if the application is strict.

The extraction function takes a strictness argument. We use the value 4 only in the strict case,
where it matters whether an unused function argument is a value or not. In the non-strict case

we instead use the non-terminating term loop, which is defined in the following way (basically
(Ax.xx) (Ax.xx)):

appnon»strict (Iam (appnon—strict (var 0) (var 0))) (Iam (appnon—strict (var 0) (var 0)))

We use loop to highlight that certain subterms produced by the extraction function are not reduced
to weak head normal form: they could be replaced by anything. The notation ° stands for a term
that is equal to 4 when s is strict, and equal to loop when s is non-strict.

The extraction function is defined recursively in the following way (some cases related to N,
>-types, empty, unit and identity types have been omitted):

erase s X =vari erase s zero = zero

erase s (liftu) =erasesu erase s (suct) =suc’® (erasest)
erase s (lowert) =erase s t erase s Level =45

erase s (t“u) =app®(erasest)(erasesu) erasesO0 =4

erase strict (t°u) = appsrit (erase strict t) 4 erase s (t1) =45

erase non-strict (t°u) = erase non-strict t erases (tLu) =4°

erase s (A“t)  =lam (erase s t) erase s U, =4

erase strict (A%t) = lam (erase strict t) erase s (Lift; A) = 4°

erase non-strict (A°t) = (erase non-strict t)[loop/0] erase s (HZAB) =4

Note that every application of a type constructor is erased, as is the case for every application
of one of the level primitives. The constructor lift and the projection lower are removed, but
their arguments are (potentially) kept. In the non-strict setting an erased function argument is
removed entirely (in a departure from the work of Abel et al. [2023]), and a lambda with an erased
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argument is replaced by the extraction of its body (with loop substituted for the bound variable).
In the strict setting erased function arguments are instead replaced by 4: complete removal of all
function arguments in some cases leads to non-termination for the extracted program, as discussed
in Section 1.2. In the case for suc the notation suc® t is used: it stands for suct if s is non-strict,
and app®"* (lam (suc (var0))) ¢ if s is strict. This construction ensures that, in the strict case,
applications of the successor constructor are translated to strict applications.

The reflexive, transitive closure of = only gives us reduction to weak head normal form, and
does not include reduction under constructors. In the strict case this is addressed through the use of
suc*°* t (and a similar construction for pairs). In the non-strict case we instead use the following

relation, which allows reduction under successor constructors:
t=u t =My

t =%y suct =% sucu

There is also a corresponding relation for the source language:

F'rt—u:N I'rt—%"u:N

F'rt—%"u:N I+ suct —*¢ sucu :N

The soundness theorem below is stated using the reflexive, transitive closure of T' - — —*4¢ —:N,
denoted by I' + — —°"“* — :N. The theorem statement also uses =, which when s is strict stands
for the reflexive, transitive closure of =, and when s is non-strict stands for the reflexive, transitive
closure of =°“. The statement also uses the notation n, which for a natural number n stands for
the term suc” zero, with n applications of suc to zero, in both the source and the target language.

Building on the proof by Abel et al. [2023]'* we have proved the following theorem (“erased
matches” are explained below):!®

THEOREM 5.1. (Soundness of extraction) If

o whenever erased matches are allowed for the empty type, then T is consistent (i.e. there is no
termu such thatT Fu: 1),

o cither T is empty, or erased matches are disallowed for weak 3 and unit types,

eT'+t:N,and

e 0l t,

SucC*

then there is a natural number n such thatT' v t —"" n :N, and, for any strictness s, erase s t =73 n.

Our additions to the proof related to levels, lifting and strictness are straightforward, so we do not
present them here. Note that if we restrict ourselves to empty contexts, then we get the following
variant of the theorem, without any mention of erased matches or consistency:

COROLLARY 5.2. If - + t : N and - »1 t then there is a natural number n such that - + t —%'* n N,
and, for any strictness s, erase s t =} n.

The main formulation of the theorem allows terms with free variables, given that they all have
usage count 0, and that some other conditions hold. This means that a program that uses postulates -
for instance excluded middle - is guaranteed to terminate with a numeral, as long as the postulates
are only used in “erased settings” (and the other conditions hold).

14 And later additions, some of which are discussed in Section 2.
15The formalised theorem includes some conditions related to identity types, but identity types are not the focus of this

paper.
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So, what is an “erased match” [Abel et al. 2023]?

e For data types with a single constructor, like the (weak) ¥ and unit types (without n-equality),
one might want to allow matches on erased data in non-erased settings, as in the following
Agda code (@0 marks an argument as erased):

f:@ONXN—> ...
fxy =...

Here X is a pair type without n-equality, and x and y are erased on the right-hand side. If one
combines this feature with “erased postulates”, then the theorem fails, because a program
can get stuck on one of the postulates.

e For data types with zero constructors, i.e. empty types, one might also want to allow matches
on erased data in non-erased settings, as in the following Agda code:

l-elim: @0 L — A
L-elim ()

With this feature one can use erased information to discard impossible branches. However, if
one allows both this feature and inconsistent postulates, then the theorem fails, because an
“impossible” branch might not actually be impossible.

6 Discussion and Future Work

We have proved that a type theory with first-class universe levels inspired by Agda enjoys desirable
metatheoretical properties, including normalisation and decidability of equality. We now discuss
some possible extensions of this work.

Universes beyond «. We expect that our results could extend to a second countable hierarchy of
universes U, : U,41 : - - -, as in Agda 2.6.2 [The Agda Team 2021], by indexing universes and the
lifting operator by either level expressions or external levels.

Universes a la Tarski. We have followed Abel et al. [2017] in presenting universes d la Russell, i.e.
silently coercing between elements of a universe I A : U; and types I'  A. It seems reasonable
to expect that universes d la Tarski, with an explicit type decoding operation I + El;(A), could also
be supported with straightforward changes to our proofs.

Universes a la Coquand. We expect that our development could be modified to use the presentation
of universes d la Coquand [Coquand 2012; Angiuli and Gratzer 2025], in which the typing judgement
itself is stratified according to the universe hierarchy. In the presence of internal universe levels, this
could mean introducing typing judgements of the form I' ; A, where t is either a term or an external
level t > w, such that ' + A : U, holds if and only if ' ; A. These typing judgements should
then be precisely modelled by validity judgements of the form I -} A, equivalent to “+¥ T and, for
all contexts A and reducibly equal substitutions A IF* 01 = 03 : T', A IF1(4(6,]) Alo1] = Alo2]”. By
contrast, the current statement of our fundamental lemma involves an existential quantification
over levels, and w is sometimes used as a “catch-all” level.

Natural numbers as levels. Taking inspiration from Kovacs [2022], one could hope to use the
type of natural numbers itself as the type of universe levels. This would allow one to define
functions on levels by recursion. A natural question is then whether the operator LI could be defined
recursively instead of being taken as a primitive. It is unclear to us how an internal definition of
U would work with the approach presented here, since the level realisation function defined in
Section 3.1 would apparently have to recognise the internally-defined U in order to satisfy the
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equality T(¢ U u) = Tt U Tu. With natural numbers as levels it would also be unsafe to erase all
level primitives as in Section 5.

Level constraints. One of the type theories of Bezem et al. [2023] features level constraint as-
sumptions: i < j implies U; : U;. One may wonder if our type theory could be extended with
something similar. As discussed by Chan and Weirich [2025], such constraint assumptions could be
an obstacle to the goal of normalisation, since in the context ¢ : Level, loop : t < t one has U, : U,
an instance of type-in-type, which allows the construction of a diverging term. Bezem et al. [2023]
require that the constraint assumptions are loop-free, but subject reduction does not hold for their
theory [Bezem et al. 2024].

Bounded universe polymorphism. Short of fully internalised level constraints, one might want to
support bounded universe polymorphism as in TTBFL [Chan and Weirich 2025], which includes
a type Level< t of levels strictly less than t. While this sidesteps the issue of looping constraints,
there is still a difficulty regarding normalisation: in an inconsistent context, every type is inhabited,
including Level< t for any t. Thus, in inconsistent contexts, there is a countably infinite decreasing
chain of levels below 0, which could be problematic if the universe hierarchy is to be modelled
by well-founded induction as in our approach. We speculate that one could perhaps address this
by using a type theory with a non-well-founded universe hierarchy (as proven consistent by Hou
(Favonia) et al. [2023]) as the metatheory.

Level annotations. An earlier version of our type theory had a level annotation on the lift
constructor, e.g. lift; u : Lift; A. This turned out to cause a problem in the proof of deep normalisation
(Corollary 4.4): because of the -rule for Lift, the n-long normal form of any term u : Lift; A should
arguably have the form lift; u’, with  the normal form of ¢; but the algorithmic 7-equality rule for Lift
does not include an assumption like “t is related to itself” that we could use in the deep normalisation
proof, and it was unclear how to add such an assumption while maintaining all properties that
we made use of (in particular stability under conversion and the lifting of algorithmic equality of
atomic neutrals with types in WHNF to algorithmic equality of terms in WHNF). Because the lift
constructor is not annotated, the type of a lift term cannot be inferred. An alternative approach
might be to have level annotations on lift, but allow them to be unconstrained in the definition of
n-long normal forms.

Algebraic type theory and gluing. We conclude this discussion by echoing a conclusion of Abel
et al. [2017]: it remains unclear how to formally relate our extrinsically typed approach to the
metatheory of type theory with more algebraic approaches [Sterling 2019; Kovacs 2022; Altenkirch
and Kaposi 2016, 2017]. In particular, an investigation into presheaf models [Coquand 2013] and
the gluing construction [Kaposi et al. 2019] for type theories with dependent or first-class levels in
the sense of Kovacs [2022] might shed more light on the underlying mathematical structure of our
proof of normalisation.

Data-Availability Statement

The formalisation discussed above is available online [Danielsson et al. 2025]. It is likely that the
formalisation will be updated in the future. At the time of writing the latest version can be obtained
from the following repository: https://github.com/graded-type-theory/graded-type-theory.
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